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Abstract  The cut geometry prediction, especially the issue regarding computational time, 
of a complex part surface in five-axis milling remains as a challenge. In this study, the analytical 
boundary method, which was developed to predict the cut geometry during semifinish milling, 
was extended by adding a curve boundary algorithm. The extended algorithm made the 
method applicable not only for workpieces with a straight staircase profile but also for those 
with a nonstraight one. The proposed method was tested using two parts with different surface 
shapes. Results demonstrated that the proposed method is applicable for defining instantane-
ous cut geometry. The verification test proved that the method was accurate when the en-
gagement point was on the top and straight wall surfaces. Relatively small errors were ob-
served when the engagement point was on the nonstraight surface. Moreover, the test on 
computational time verified the efficiency of the developed method.  

 
1. Introduction   

Many researchers are developing virtual machining applications that can be used to predict 
machining processes and performance. One of the main performance indicators that is widely 
studied in milling processes is the cutting force. An accurate and efficient method for cutting 
force prediction is required to optimize the machining process. Lee and Cho [1] classified the 
method to calculate cutting forces into three categories: Analytical, numerical, and mechanistic. 
However, Gao et al. [2] stated that the analytical approach is less accurate, and the numerical 
one is time consuming; they preferred the mechanistic approach because of its intermediate 
advantages under different cutting conditions and cutter types. When using a mechanistic ap-
proach, three variables are essential in calculating cutting forces. These variables are cutting 
force coefficients, instantaneous cut thickness, and in-cut segment of the cutting edge, which is 
also called the length of cut. The cutting force coefficients are obtained through experimental 
calibrations for a specific workpiece material-tool geometry pair. Numerous studies have been 
performed to define these coefficients.  

Given that the cutting force coefficients are constant for a specific workpiece material and tool 
geometry, the cutting forces are strongly influenced by chip thickness and length of cut. Merdol 
and Altintas [3] stated that identifying the cut geometry is one of the crucial challenges in pre-
dicting cutting forces. Many studies have been performed to develop an accurate method to 
calculate chip thickness. Wojciechowski et al. [4] developed a cutting force model based on the 
finite element method and mechanistic approach during microend milling. The uncut chip thick-
ness was calculated by considering the effects of runout and tool deflection. Zhang et al. [5] 
proposed a method for predicting the uncut chip thickness of a complex tool path during five-
axis flank milling by considering the effect of cutter runout. Nikawa et al. [6] evaluated the ma-
chining method for controlling chip thickness through a simulation based on NC data. The ob-
jective of this technique is to modify the NC data and improve the machinability. The test on a 
complex surface milling showed that the method significantly reduced the machining time. 

In this study, the cut geometry calculation was focused on developing the method to calculate   
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the length of cut. According to Zheng et al. [7], the length of cut 
exerts the greatest effect to the cutting forces, whereas feed 
rate, which influences the chip thickness, exerts the greatest 
effect to surface roughness. 

In five-axis milling, two prominent methods can be used to 
define the cutter workpiece engagement (CWE): Solid model 
and discrete method. Numerous studies on the establishment 
of the solid model for CWE extraction have been reported. Yip-
Hoi and Huang [8] developed a solid modeler-based approach 
for calculating the cutter engagement features for the case of a 
2.5D milling process. Lazoglu et al. [9, 10] used a boundary 
representation-based method to determine the chip load. Boo-
lean operations were used to subtract the tool-workpiece inter-
section. The solid model is widely used because this model 
accurately defines the CWE extraction of complex parts using 
Boolean operations. However, the solid model is limited in 
terms of computational time, especially during free-form ma-
chining.  

Therefore, several researchers used discrete methods, such 
as Z-mapping, Z-buffer, and polyhedral model, to define the 
intersection area between the workpiece material and the cut-
ting tool. Yun et al. [11] developed the moving edge-node Z-
map model to calculate the continuous variable of the cutting 
configurations with a given NC code. Zhang et al. [12, 13] de-
veloped another type of Z-mapping method called the depth 
element approach. Fussel et al. [14] developed an extended Z-
buffer model to represent the workpiece. The CWE was deter-
mined by the intersection between the swept envelope of the 
tool path and the Z-buffer element of the workpiece. The ad-
vantage of the Z-mapping and Z-buffer methods is efficiency in 
the rendering process; however, the control on geometric accu-
racy is low.  

Another discrete method for modeling CWE is the polyhedral 
model. In this model, the workpiece surfaces are represented 
by a finite set of polygonal planes called facets [15, 16]. The 

polyhedral modeling offers a good compromise between man-
ageable computational speed, robustness, and accuracy.  

In general, the discrete method cannot obtain an accurate 
result in comparison with the solid model because of the 
rasterization problem, which is present in many applications of 
the discrete method [11]. Nevertheless, the issue on accuracy 
can be solved by sharpening the resolution. However, this 
solution leads to long computational time. 

To solve the problem of long computational time, several re-
searchers proposed analytical methods. Gupta et al. [17] pro-
posed an analytical method for determining the CWE of 2.5D 
machining. They mentioned that the analytical method is 
cheaper and more precise compared with the discrete method. 
Ozturk and Lazoglu [18] developed an analytical method to 
define the cut geometry of three-axis milling using a ball end 
mill. Tunc and Budak [19] proposed a simple analytical method 
for five-axis milling called bounding point coordinate. Although 
this method is accurate and simple, the validity only applies to 
flat workpiece surfaces. Zhang et al. [20] developed the 
method to predict the cutting force in the five-axis flank milling 
of a sculptured surface. The proposed method considered the 
curved tool path and the actual tool motion with cutter runout. 
However, this method could only define the length of cut of flat 
workpiece surfaces.  

Kiswanto et al. [21, 22] developed a hybrid analytical and 
discrete method for calculating the cut geometry during sculp-
tured surface machining using a flat-end mill. This method is 
suitable for finish milling but not when the workpiece has a 
staircase surface profile (Fig. 1). 

Previous studies have proposed an analytical method for ob-
taining the cut geometry during semifinish milling [23-25]. The 
proposed method is called the analytical boundary method 
(ABM). The implementation of ABM was established and 
tested to support the calculation of the cutting forces [26]. The 
method was further developed to define the scallop height of a 
complex machining process [27]. The verification tests proved 
that the method is accurate and computationally fast. The cut 
geometry was determined by identifying two engagement 
points, namely, lowermost and uppermost engagement points 
(LEP and UEP, respectively). The developed method was 
proven accurate and cheap in terms of computation. However, 
this algorithm was only applicable for workpieces with straight 
staircase profiles (Fig. 1(a)). For a complex part, rough milling 
could be performed using different strategies so that the thick-
ness of the material during finish milling remains relatively con-
sistent. Hence, the shape of the workpiece surface can follow a 
nonstraight staircase profile (Fig. 1(b)) instead of a straight one 
depending on the machining strategy selected during rough 
milling. 

Therefore, the method for defining the cut geometry for semi-
finish five-axis milling was extended in this study. The algorithm 
was developed to apply ABM to nonstraight staircases. The 
profile of the wall surface in every stair level in one tool pass 
was expressed using the coordinate of the six points located on 
the top of the wall surface. Then, the shape of the stair surface 

 
(a) 

 

 
(b) 

 
Fig. 1. Typical illustration of a workpiece surface from rough milling: (a) 
Straight; (b) nonstraight staircase. 
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was defined using a polynomial equation based on the coordi-
nate of the points on the top of the wall surface. The details of 
the mechanism are discussed in the following sections. 

 
2. Tool geometry and orientation 

The two additional degrees of freedom (DOFs) is the advan-
tage of five-axis milling over the three-axis one. These addi-
tional DOFs allow the cutting tool to be rotated to an arbitrary 
direction. Machining a complex part can be efficiently per-
formed by controlling the dynamic tool movement with respect 
to the part surface normal. However, the additional DOFs also 
increase the difficulty of programming and simulating the ma-
chining process.  

For analysis, coordinate systems and corresponding trans-
formation mechanisms should be established. The coordinate 
systems have been established in a previous study [23]. Three 
coordinate systems were used to define the posture of the 
cutter (Fig. 2(a)): Global coordinate frame (GCF), tool coordi-
nate frame (TCF), and local coordinate frame (LCF). GCF was 
defined using the base vector x, y, z, whereas TCF and LCF 
were expressed using u, v, w and X, Y, Z, respectively. The 
orientation of the cutting tool with respect to GCF (J ) is illus-
trated in Fig. 2(b). This orientation was determined using the 
tool orientation relative to the x- ( Aq ) and y-axes ( Bq ). 

( )1cos cos cosA BJ q q-=   (1) 
 
In this study, GCF was used as a reference coordinate sys-

tem. Then, the coordinate of the cutting tool in TCF was 
mapped to the GCF. The mapping process was performed 
using the mapping operator [M], which includes the tool rota-
tion about the x- and y-axes, as well as the tool movement at 
( ), ,T T TT x y z .  
 

[ ]

cos 0 sin
sin sin cos sin cos
cos sin sin cos cos
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B B T

A B A A B T

A B A A B T

x
y

M
z

q q
q q q q q
q q q q q

é ù
ê ú-ê ú=
ê ú
ê ú
ë û

 , (2) 

 
where ( ), ,T T TT x y z  is placed at the bottom center of the cut-
ting tool, which is defined as the cutter location point. 

In this study, the cut geometry model was developed for ma-
chining using a flat-end cutter. The engagement point on the 
flat-end cutter in TCF was defined using the parametric equa-
tion of a cylinder. 

 
( ) [ ]T; sin cosC n nS l R R lj j j=  , (3) 

 
where R  is the radius of the cutting tool, j  is the tool rota-
tion angle, and nl  is the height of the engagement point 
measured from the bottom (Fig. 2(c)). The cutting-tool surface 
was converted from TCF to GCF because GCF was used as 
the reference coordinate frame.  

 
( ) [ ] ( )' ' ' ', , M φ;

C C CC S S S C nS x y z S l=                 (4) 

 
3. Wall surface representation 

As previously mentioned, the wall surface is represented by 
a curve defined using polynomial interpolation. The algorithm 
developed in this study can be used to define straight and non-
straight staircases. In this study, the shape of the curve, which 
represents the shape of the wall surface, was constructed us-
ing a fifth-degree polynomial based on six given points; the 
shape is expressed as 

 
2 3 4 5

0 1 2 3 4 5     j j j j j j j j j j j jx H H y H y H y H y H y= + + + + + , (5) 
 

where ( )1, ,j n¼  represents the order of the workpiece sec-
tion. To define the value of 0 jH , 1 jH , ..., 5 jH , the matrix 
form of the six linear equations is generated as 
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                 (a)                                  (b) 
 

 
(c) 

 
Fig. 2. (a) Geometry of a flat-end cutting tool; (b) tool orientation relative to 
GCF; (c) geometry of a flat-end cutting tool [23]. 
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where 0 0( , )j jx y ,..., 5 5( , )j jx y  are the coordinates of the given 
points in a workpiece section. From this equation, the wall sur-
face could be determined whether it is a straight or nonstraight 
staircase profile. 

 
4. Obtaining engagement points 

In this study, the geometry of the cut was calculated by de-
termining two engagement points, LEP and UEP. Initially, LEP 
was assumed to be located at the bottom of the cutting edge; 
hence, Eq. (4) could be used with the height of engagement 
point ( )nl  set to zero. For certain conditions, however, LEP’s 
location was not at the bottom side. The details of these condi-
tions are discussed in Sec. 4.3.  

The coordinate of UEP was calculated by using Eq. (4) after 
determining nl , which was measured from the bottom of the 
cutting edge to the engagement point. Given the complexity of 
the tool orientation, the UEP could be found in three possible 
surfaces: top (Fig. 3(a)), straight wall (Fig. 3(b)), or nonstraight 
wall surface (Fig. 3(c)). The calculation method for  nl was 
divided into two. The first was the curve boundary method, 
which is used when the wall surface is identified as a non-
straight staircase. The second was the cylindrical boundary 
method, which is used when the engagement point is located 
on the top surface and on the wall of the straight staircase.  

 
4.1 Cylindrical boundary method 

The cylindrical boundary method is a part of ABM [23]. In this 
study, the method to obtain nl  using the cylindrical boundary 
method is briefly discussed. The algorithm of this method is 
more efficient and simpler than that of the curve boundary 
method. Hence, the former is preferred over the latter when the 
wall surface is identified as a straight staircase. The cutting tool 
moves in the x-axis direction; thus, this method was divided 
into X- and Z-cylindrical methods. 

On the one hand, Z-cylindrical method was used when the 
engagement point was identified on the top surface. Then, nl  
was determined on the basis of the z-axis of the workpiece 
section where the cutter contact point ( ), ,C C CC x y z  is located 
(Fig. 3(a)).  

 
( ) / cosn w Cl z z J= -  (7) 

On the other hand, X-cylindrical method was used when the 
engagement point was identified on the flat wall surface. The 
height of the engagement point was determined on the basis of 
the x-axis of the wall surface next to point ( ), ,C C CC x y z  (Fig. 
3(b)). 

 
( ) / sinn w C Bl x x q= -  (8) 

 
4.2 Curve boundary method 

When the wall surface is identified as a nonstraight staircase, 
the X-cylindrical method cannot be used to define the UEP. 
The X-cylindrical method was simpler because the x-axis of the 
wall surface relative to the y- and z-axes was fixed, which 
means that the x-axis of the engagement point at any point on 
the wall surface is similar. The engagement point on the non-
straight surface occurred when ' ',

C CS Sx y  in Eq. (4) is equal to 
,j jx y  in Eq. (5). Then, nl  was defined using the curve 

boundary method. The coordinate of ' ',
C CS Sx y  expanded from 

Eq. (4) is expressed as  
 

' sin cos sin
CS B n B Tx R l xj q q= + + ,            (9) 

' cos sin sin cos cos sin cos
CS A B A n A B Ty R R l yj q q j q q q= + - + . 

  (10) 
 
To simplify the calculation, some parts of '

CS
x  and '

CS
y  in 

Eqs. (9) and (10) were represented as 
 

sin cos B Ta R xj q= +   (11)  
cos sin sin cos cosA B A Tb R R yj q q j q= + + .  (12) 

 
Then, '

CS
x  and '

CS
y  in Eq. (9) became 

 
'
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The value of nl  was determined by inserting the value of 

'
CS
x  and '

CS
y  from Eq. (13) into jx  and jy  in Eq. (5). Then, 

Eq. (5) could be written as 
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  (14)  

 
This equation could be rearranged as 
 

2 3 4 5
0 1 2 3 4 50 n n n n nK K l K l K l K l K l= + + + + + , (15) 

 
where 

 
         (a)                    (b)                   (c)  
 
Fig. 3. Location of UEP: (a) Top surface; (b) straight wall surface; (c) non-
straight wall surface. 
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2 3 4 5
0 0 1 2 3 4 5K H H b H b H b H b H b a= + + + + + - , (16) 

( )2 3 4
1 1 2 3 4 52 3 4 5 sin cos sinA B BK H H b H b H b H b q q q= - - - - - - , 

 (17) 
( )2 3

2 2 3 4 53 6 10 sin cosA BK H H b H b H b q q= + + + , (18) 

( )2
3 3 4 54 10 sin cosA BK H H b H b q q= - - - ,   (19) 

( )4 4 55 sin cosA BK H H b q q= + ,   (20) 

( )5 5 sin cosA BK H q q= - .  (21) 
 
nl  is the root of the fifth-degree polynomial and could be 

simply defined using a computer application. 
 

[ ]5 4 3 2 1 0nl roots K K K K K K=   (22) 
  

4.3 Cut geometry calculation 

The mechanism to define the height of the engagement point 
starts by identifying two workpiece sections that might engage 
with the cutting tool at every instantaneous tool position. The 
workpiece sections were identified by comparing the coordi-
nate of Cx  from ( ), ,C C CC x y z  with the coordinate of the 
curve surface jx  in Eq. (5). jx  was calculated by setting 

j Cy y= . Sec. A was selected when C jx x> . Meanwhile, Sec. 
B was a workpiece section located either after Sec. A (if Bq  
positive) or before Sec. A (if Bq  negative).  

To reduce the computational time, nl  was initially deter-
mined by considering that the engagement point was on the 
top of Sec. A ( AS ). Then, nl  was calculated using the Z-
cylindrical method (Eq. (7)). After determining nl , the initial 
UEP ( ), ,

i i ii n n nn x y z  could be calculated using Eq. (4). The 
correctness of the initial UEP was then checked by defining jx  
in Eq. (5) using the assumption that 

ij ny y= . If the value of 
Bq  was positive, then jx  was defined by assuming that the 

engagement point was on the curve surface of Sec. B ( BW ). 
Then, jx  was changed to .jBx  Otherwise, the engagement 
point was assumed to be on the curve surface of Sec. A. In this 
case, jx  was defined using the curve equation of Sec. A, 
which is denoted by jAx .  

The initial UEP is incorrect if 
in jAx x<  when Bq  negative or 

in jAx x<  when Bq  was positive. Hence, the final UEP 
( ), ,

f f ff n n nn x y z  should be recalculated.  fn could be located 
either on the curve wall of Sec. A ( AW ), on the curve wall of 
Sec. B ( BW ), or on the top of Sec. B ( BS ). To define the final 
location, the engagement points when the contact is on the 
wall surface (i.e., ( ), ,

w w ww n n nn x y z ) should be defined using the 
height of engagement point on the wall surface ( wl ). Lastly, the 
procedures to obtain the engagement points when the pre-
sumption is incorrect should be implemented. All cases are 
illustrated in Figs. 4 and 5, and the methods to determine the 
final height of the engagement point are summarized in Table 1. 
Al  and Bl  are the heights of the engagement point when 

located at  AS and BS , respectively. 
The method for calculating the cut geometry was developed 

to support the data for the calculation of the cutting force. Ma-

chining optimization was performed on the basis of the cut area 
data generated at any instantaneous tool location. Cut area 
data comprised the length and thickness of the cut. After ob-
taining the length of cut, the cut thickness should be deter-
mined. Kiswanto et al. [23] mentioned that the cut thickness of 
the perpendicular tool orientation was defined as the distance 
between the current and previous tooth paths. However, ma-
chining a complex part surface in five-axis milling normally 
considers the tool inclination angle ( α ). When the tool has an 
inclination angle, the cut thickness becomes smaller than the 
distance of the two consecutive tooth paths. Therefore, the 

 
                  (a)                              (b) 
 

 
                  (c)                              (d) 
 
Fig. 4. Location of UEP when A Bz z> . 

 

 
                 (a)                           (b) 
 

 
                 (c)                           (d) 
 

 
                 (e)                           (f) 
 
Fig. 5. Location of UEP when A Bz z< . 
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inclination angles should be considered in the cut thickness 
calculation. The cut thickness (h) as a function of tool rotation 
angle is defined as  

 
sin cosh f j a= ,  (23)  

 
where f  is the feed rate.  

Lastly, the cut area ( A ) was determined by multiplying the 
length and thickness of the cut. 

 
 .nA l h=    (24)  

 
5. Implementation and discussion 

A MATLAB simulation program based on the derived formu-
lae was developed. For validation purposes, the tests were 
performed using two complex surfaces (Figs. 6(a) and (b)). The 
workpiece material was produced through 2.5D rough milling. 
The machining for the first test was performed using a two-
teeth flat-end cutter with a diameter of 12 mm and an inclina-
tion angle of 10°. The machining conditions for model test 1 are 
as follows: feed rate = 0.1 mm/tooth and spindle speed = 4000 
rpm. For test 2, the same cutter was utilized, but the diameter 
was 14 mm and the inclination angle was 5°. The feed rate and 
spindle speed were 0.15 mm/tooth and 4000 rpm, respectively. 
The tests were performed for a full-immersion milling cutter 
process (tool rotation angle = 180°). The ability of the simula-
tion program to provide the cut geometry data, including the 
method to verify the accuracy, is discussed in the subsequent 
subsection. Moreover, the performance of the proposed 
method in solving the issue on the long computational time is 

compared with that of the Z-mapping method.  

 
5.1 Cut geometry calculation 

The geometry and length of the cut could be generated 
through the simulation program. The geometry for model tests 
1 and 2 are presented in Figs. 6(c) and (d), respectively. These 
figures display the shape of the cut corresponding to the shape 
of the remaining material that should be removed to obtain the 
expected part surface. The results indicated that the proposed 
method was accurate. The length of cut for one tool pass gen-
erated by the simulation program are displayed in Figs. 6(e) 
and (f). The complexity of the workpiece surface and tool orien-
tation changed because the part surface caused fluctuations in 
the length of cut.  

The simulation program could also generate the cut geome-
try data for one tool rotation. Four samples of the length of cut 
from the two cutter contact points in every model test are pre-
sented in Figs. 7(a)-(d), and the cut area data are shown in 
Figs. 7(e)-(h). All tests demonstrated that the length of cuts and 
the cut area fluctuated. The graphs of the cut area were signifi-
cantly different from the graph of the length of cut, indicating 
that the cut thickness exerted a significant effect to the cut area.  

The developed simulation program could also be used to de-
termine the depth of the cut, which is defined as the distance 
between the lowermost part of LEP and the uppermost part of 
UEP in one tool rotation relative to the z-axis of the GCF. The 
depths of the cut for model tests 1 and 2 were within 1.78-7.32 
and 2.68-6.38 mm. 

To examine the accuracy of the proposed method, the ge-
ometry of cuts for one tool rotation obtained using the simula-

Table 1. Process to identify engagement location and calculate nl . 
 

No. Indication Location engagement point nl  

>A Bz z  

A.1 ,
in jAx x<  ,

in Bz z>  
wn Bz z<  

BS  (Fig. 4(a)) n Bl l=  

A.2 ,
in jBx x>  ,

in Bz z>  
wn Bz z<  

BS  (Fig. 4(b)) n Bl l=  

A.3 ,
in jAx x<  ,

in Bz z>  
wn Bz z>  

AW  (Fig. 4(c)) n wl l=  

A.4 ,
in jBx x>  ,

in Bz z>  
wn Bz z>  

BW  (Fig. 4(d)) n wl l=  

<A Bz z  

B.1 ,
in jBx x>  

wn A Bz z z< <   and C Az z<  
BS  (Fig. 5(a)) n Bl l=  

B.2 ,
in jAx x<  

wn A Bz z z< <   and C Az z<   BS  (Fig. 5(b)) n Bl l=  

B.3 ,
in jBx x<  

wA n Bz z z< <   and C Az z<  
BW  and BS  (Fig. 5(c)) nl = ( )B w Al l l- -  

B.4 ,
in jBx x>  

wn A Bz z z< <   and C Az z<  
AW  and BS  (Fig. 5(d)) nl = ( )B w Al l l- -  

B.5 C Az z>  and w Bz z>  None (Fig. 5(e)) 0nl =  

B.6 C Az z>  and w Bz z<  
BS  (Fig. 5(f)) ( )n B Al l l= -  
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tion program (Figs. 7(i)-(l)) were compared with those obtained 
using Siemens-NX (Figs. 7(m)-(p)). The result of the latter was 
obtained by extracting the intersection model of the cutting tool 
and the workpiece. The result clearly demonstrated that the 
geometry of the cut obtained using the program simulation 
corresponded to the one generated using Siemens-NX. The 
findings indicated the accuracy of the proposed method.  

 
5.2 Model verification 

Although the test results showed that the proposed method 
is applicable and accurate, a validation test should still be per-
formed. The method was verified by comparing the length of 
cut calculated using the proposed algorithm with that obtained 
using Siemen-NX. The coordinates of the engagement points 
were checked using the intersection model of the cutter and 
the workpiece (Fig. 8(a)). The intersection model was extracted 
by placing and orienting the cutting tool at the targeted position 
based on the cutter location data. Then, the intersection model 
was extracted. To measure the length of cut, the front sides of 
the cutting tool model was modified (Fig. 8(a)). Provided that 
the intersection model was extracted, the coordinate of en-
gagement points could be obtained, and the height of en-
gagement point could be measured. The length of cut for CC-
22 of model test 2 and that for CC-23 of model test 1 were 

verified.   
To obtain a detailed analysis on the model verification, the 

CWEs were separated into several segments with respect to 
the location of the upper engagement point. The engagement 
location was divided into seven segments (Fig. 8(b)). Seg-
ments A, C, E, and G were the segments when UEP was lo-
cated on the top of the workpiece section. Meanwhile, the en-
gagement points in segments B and F were the engagement 
points on the nonstraight wall surface. Segment D depicts the 
geometry of the cut when UEP was located on the straight 
surface. The deviation for every segment is presented in Fig. 
8(c). The error was calculated by dividing the deviation be-
tween the length of cut obtained from the simulation program 
and that from Siemen-NX ( )( ) ( ){ }/ABM NXerror l l l= - . CC-23 

was divided into five segments (Fig. 8(d)). As previously stated, 
segments A, C, and E are the segments when the engagement 
point is on the top surface, whereas segments B and D are 
those when the engagement point is on the wall surface. The 
verification result for CC-23 is displayed in Fig. 8(e). 

The proposed method could be used to determine the length 
of cut with high accuracy when the cutting tool engaged with 
the workpiece is on the top of the section and the flat wall sur-
face. The test showed that the error was minimal or negligible. 
Relatively higher errors (less than 6 %), however, appeared 

 
                                     (a)                                                              (b) 
 

 
                                   (c)                                                           (d) 

 

 
                                          (e)                                                           (f) 
 
Fig. 6. (a) Model test 1; (b) model test 2; (c) shape of cut (model test 1); (d) geometry of the cut (model test2), and progression of the length of cut for model 
tests (e) 1; (f) 2. 
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when the engagement points were located on the nonstraight 
surface. The deviation obtained due to the curved-wall surface 
was approximately defined using the polynomial method. For 
the approximation approach, the accuracy largely depended on 
the accuracy definition of the curve profile. A series of tests 
confirmed the accuracy of the proposed algorithm.  

 
5.3 Computational time comparison  

The major advantage of the analytical approach in compari-
son with other methods, such as the solid model and discrete 
method, is its efficient computation [21, 23]. Therefore, to en-
sure the efficiency of the proposed method, the computational 
time of the method was compared with that of the Z-mapping 
method. Z-mapping is a discrete method in which the discrete 
number of the grid size largely influences the accuracy. High 
resolutions result in not only high accuracy but also long com-
putation time and vice versa. By contrast, the analytical method 

has no correlation with grid size and computational time.  
For comparison purposes, the engagement data for the part 

model and the workpiece surface shown in Fig. 6(a) was calcu-
lated using the Z-mapping method. The test was performed 
using similar machining conditions and cutting tool geometry. In 
this test, the grid size of the workpiece surface was set to 0.2 
mm. The computational time was tested using MATLAB on an 
Intel Core i7 2.7 GHz computer with 16 GB RAM. The test was 
performed uninterrupted during the cutting, followed by 53 cutter 
contact points in one tool pass. The results, were the average 
value after three time measurements for each method (Fig. 9).  

The graph in Fig. 9 clearly displays that the computational 
time of the Z-mapping method was higher than that of the 
proposed method. The proposed method consumed only 
713.87 s to calculate the geometry of the cut (Fig. 6(e)), 
whereas Z-mapping consumed 2633.65 s. This large differ-
ence because the Z-mapping method checked and updated 
large data. 

 
 
Fig. 7. Shape and size of the cut for one tool rotation. 
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6. Conclusions 
An extended ABM for defining instantaneous cut geometry 

during semifinish milling was developed in this study. ABM is 
applicable for straight and nonstraight staircase workpiece 
surfaces. The engagement point on the nonstraight staircase 
workpiece was calculated using a method called curve-
boundary method. The proposed method was tested using two 
parts with different surface profiles. Results demonstrated that 
the proposed method can define the instantaneous cut geome-
try. The accuracy of ABM was validated by comparing the 
length of the cut generated using ABM with that generated 
using Siemen-NX. Moreover, the output of the proposed 
method was accurate when the tool engaged with the work-

piece on the top of the section and on the straight wall section. 
Relatively small errors were produced when the engagement 
point was on a nonstraight surface. Moreover, the test proved 
that the ABM is cheaper than Z-mapping in terms of computa-
tional time.  

In this study, the effect of the helical angle on the length cut 
was not considered. The helical angle is crucial in actual ma-
chining processes because it changes the CWE. Therefore, 
the proposed method will include the helical angle in the calcu-
lation in future studies. 
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Fig. 8. Model verification: (a) Results of the siemen-NX; (b) shape of cut CC-22 (model test 2); (c) error of CC-22; (d) shape of cut CC-23 (model test 1); (e) 
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Nomenclature----------------------------------------------------------------------------------- 

GCF  : Global coordinate frame    
TCF  : Tool coordinate frame 
LCF    : Local coordinate frame 
CWE : Cutter workpiece engagement 
UEP  : Uppermost engagement point 
LEP : Lowermost engagement point 
CC    : Cutter contact 
ABM   : Analytical boundary method 
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